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ABSTRACT: A multiplet calculus is presented for an arbitrary number n of N = 2 ten-
sor supermultiplets. For rigid supersymmetry the known couplings are reproduced. In
the superconformal case the target spaces parametrized by the scalar fields are cones over
(3n — 1)-dimensional spaces encoded in homogeneous SU(2) invariant potentials, subject
to certain constraints. The coupling to conformal supergravity enables the derivation of a
large class of supergravity Lagrangians with vector and tensor multiplets and hypermul-
tiplets. Dualizing the tensor fields into scalars leads to hypermultiplets with hyperkahler
or quaternion-Kahler target spaces with at least n abelian isometries. It is demonstrated
how to use the calculus for the construction of Lagrangians containing higher-derivative
couplings of tensor multiplets. For the application of the c-map between vector and tensor
supermultiplets to Lagrangians with higher-order derivatives, an off-shell version of this
map is proposed. Various other implications of the results are discussed. As an example
an elegant derivation of the classification of 4-dimensional quaternion-Kéhler manifolds
with two commuting isometries is given.
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1. Introduction

The importance of off-shell methods for the construction of supersymmetric Lagrangians
is well known. For N = 2 supersymmetry in four space-time dimensions the most rele-
vant off-shell supermultiplets are the Weyl, the vector and the tensor supermultiplet. The
Weyl supermultiplet comprises the fields of conformal supergravity, whereas the other two
multiplets play the role of matter multiplets. The hypermultiplet does not constitute an
off-shell multiplet, unless one introduces an infinite number of fields. This paper deals with
N = 2 tensor supermultiplets whose off-shell formulation has a long history. In [1] the
multiplet emerged as a submultiplet of off-shell N = 2 supergravity. Its transformation
rules in a general superconformal background were presented in [2] and a locally super-
conformally invariant Lagrangian for a single tensor multiplet was written down in [3].
The latter enabled the derivation of an alternative minimal off-shell formulation of N = 2
supergravity.

In four space-time dimensions it is possible to dualize a rank-two tensor gauge field
into a scalar field. In this way actions of tensor supermultiplets lead to corresponding
supersymmetric actions for hypermultiplets. The resulting hypermultiplet target space



will then have a group of abelian isometries induced by the gauge invariance of the tensor
fields. In the case of rigid supersymmetry the hypermultiplets parametrize a hyperkahler
space. In [4, 5] the N = 1 superspace formulation was used to classify, upon dualization,
4n-dimensional hyperkahler metrics with n abelian isometries. The Lagrangians are en-
coded in terms of a function subject to certain partial differential equations, which can be
elegantly written in terms of a contour integral depending on the tensor multiplet scalars.
Furthermore a first N = 2 superspace formulation was presented in [6] in which this contour
integral played a central role.

In the context of local N = 2 supersymmetry one is interested in superconformal
tensor multiplets. The scalar fields then parametrize target spaces which are cones over a
(3n — 1)-dimensional space. When coupling these supermultiplets, together with at least
one vector multiplet and possible hypermultiplets, to conformal supergravity, the resulting
theory is gauge equivalent to Poincaré supergravity coupled to matter fields. In this gauge
equivalence the number of matter multiplets is reduced by two. This is so because part of
the components belonging to the two, so-called compensating, supermultiplets correspond
to superconformal gauge degrees of freedom. Upon gauge fixing the remaining components
of these multiplets combine with the fields of the Weyl multiplet to constitute an off-shell
multiplet of Poincaré supergravity. There is a certain freedom in choosing compensator
multiplets, which leads to different off-shell versions of Poincaré supergravity. The more
conventional one employs a compensating vector multiplet and a hypermultiplet, but the
hypermultiplet can be replaced by a compensating tensor multiplet. These two choices
do in certain cases lead to the same theory as the tensor fields can be dualized to scalar
fields in which case the hypermultiplet target space becomes a quaternion-Kéhler space.
However, the dualization affects the off-shell supersymmetry structure.

When dualizing superconformal Lagrangians of tensor multiplets one obtains 4n-di-
mensional hyperkahler cones [7]. The latter are cones over (4n — 1)-dimensional 3-Sasakian
spaces, which in turn are Sp(1) fibrations of (4n—4)-dimensional quaternion-Ké&hler spaces.
In this context the gauge-fixing of the compensating degrees of freedom is known as a
superconformal quotient and this quotient was extensively studied in [8]. The hyperkéhler
cones are encoded in so-called hyperkahler potentials and it turns out that there exits a
similar real function for superconformal tensor multiplets that is homogeneous and SU(2)
invariant. Just like the function exploited in [4, 5] it is subject to a set of partial differential
equations. When applied to a single tensor supermultiplet acting as a compensator (in
addition to a compensator vector supermultiplet), one recovers the results of [3] for pure
supergravity with a tensor gauge field and local U(1) invariance. In this setting the tensor
field does not describe dynamic degrees of freedom. For two tensor multiplets one finds
pure supergravity with an additional matter multiplet, which contains two scalar and
two tensor fields. Upon dualization of the tensor fields one obtains supergravity coupled
to a single hypermultiplet whose target space defines a 4-dimensional quaternion-Kéahler
space. Solving the differential equations for the SU(2) invariant potential of the tensor
formulation, one elegantly reproduces the general classification of the corresponding 4-
dimensional metrics with two commuting Killing fields [9]. They include the metric of the
so-called universal hypermultiplet as a special case.



We should stress here that the above discussion is based on off-shell supermultiplets.
When one is just interested in supersymmetric Lagrangians involving tensor fields, there
are many more possibilities, as one can always dualize tensor gauge fields into scalar fields
and, provided there are abelian isometries, vice versa. For a general discussion of N = 2
supersymmetric Lagrangians involving tensor and scalar fields, we refer to [10]. Naturally,
these general Lagrangians are not encoded in a single function, unlike the Lagrangians
derived through the superconformal quotient, but there are good reasons to believe that
they can be derived from the same formalism by a series of dualizations [8].

The superconformal quotient for tensor supermultiplets was extensively discussed in [8]
without paying attention to the details of their supergravity couplings. The first topic of
this paper is therefore to extend the results of [3] to an arbitrary number of tensor super-
multiplets. In the case of rigid supersymmetry, the results of this paper are completely in
accord with [5]. It turns out that the coupling to conformal supergravity is straightforward
in the present framework. The results can be used in the context of string compactifica-
tions where tensor fields arise naturally. Some of the results of this paper have already been
exploited to derive string-loop corrected hypermultiplet metrics for type-II string theory
compactified on a generic Calabi-Yau threefold [11]. Our work also has some overlap with,
for example, that of [12] where dimensional reductions of five-dimensional supergravity
theories are studied. For general gaugings the situation is less clear. It is known that mag-
netic background fluxes generically require the presence of tensor fields, which, however,
acquire non-trivial mass terms [13—15]. Whether or not these tensor fields are in some
way related to the tensor fields that are discussed here, is yet an open issue.

The results of this paper also enable the construction of higher-derivative actions for
tensor supermultiplets. These actions contain terms of fourth order in space-time deriva-
tives. We will demonstrate this by presenting one non-trivial example of such an action for a
single tensor supermultiplet, encoded in a single function subject to differential constraints.
To couple such an action to supergravity is straightforward and one has an additional op-
tion of including independent couplings with the Weyl multiplet or with vector multiplets
in the form of a chiral background [16]. We intend to give a more complete presentation
of these higher-derivative couplings elsewhere.

Vector supermultiplets can also have higher-derivative couplings. Also here we distin-
guish between vector multiplet couplings with the Weyl multiplet through a chiral back-
ground, and actions which contain ab initio higher-derivatives of the vector multiplet com-
ponents themselves. The former are the ones relevant for the topological string [17] and
have played an important role in the comparison between microscopic and macroscopic
black hole entropy [18]. The latter are of the type studied, for example, in [19]. All these
higher-order actions will undoubtedly contribute to the Wald entropy [20], which was cru-
cial for obtaining agreement between microscopic and macroscopic black hole entropy at
the subleading level in the limit of large charges.

It is clearly of interest to investigate on a par the higher-derivative couplings for both
tensor and vector supermultiplets, as those are expected to be related by the so-called
c-map [21]. Conventionally, the c-map is applied on the basis of actions that are at most
quadratic in space-time derivatives [22—25]. In this way classical tensor (and thus hy-



permultiplet) moduli spaces that appear in compactifications of type-II strings can be
determined from vector moduli spaces, as a result of T-duality. When considering actions
with higher-order derivatives, also derivatives of auxiliary fields appear. Therefore we also
study the definition of c-map for full off-shell supermultiplets, independent of the actions
considered. The application of the c-map to higher-order derivative couplings was discussed
in [26, 27] and in a recent paper [24].

This paper is organized as follows. In section 2 we discuss the tensor supermultiplets
in the context of rigid supersymmetry. Following and extending the results of [3], we con-
struct composite chiral multiplets in terms of tensor multiplet components. Subsequently
we proceed to derive invariant actions. Furthermore we show how superconformally in-
variant actions are encoded in terms of a homogeneous SU(2) invariant potential, similar
to the hyperkahler potentials for superconformal hypermultiplet Lagrangians. In section 3
we analyze the off-shell version of the c-map between vector and tensor multiplets and
we present a nontrivial example of a supersymmetric action for a tensor supermultiplet
involving higher-order derivatives. In section 4 we consider the coupling of tensor multi-
plets to conformal supergravity. In section 5 we discuss the superconformal quotient for
Lagrangians involving tensor and vector multiplets and hypermultiplets to obtain Poincaré
supergravity theories with tensor multiplets. To demonstrate the virtues of our formulation
we consider the case of two tensor multiplets and evaluate the differential equations for
the SU(2) invariant potential of the tensor formulation to obtain the classification of the
corresponding 4-dimensional selfdual Einstein metrics with two commuting Killing fields.
Finally some details of the superconformal calculus are presented in an appendix.

2. Rigid tensor multiplet couplings

The N = 2 tensor multiplet can be realized off-shell in a general superconformal back-
ground. In this section we consider the case of rigid supersymmetry in flat Minkowski
space. The tensor supermultiplet is described in terms of a tensor gauge field £, , an
SU(2) triplet of scalar fields L%, a doublet of Majorana spinors ¢’ and an auxiliary com-
plex scalar G. The supersymmetry transformation rules can be written as follows [2],

SLij = 2€05) + 2eineji e )
5ot = LU ¢j+ eV Fej - G,
6G = —2& Py’
6Ew/ = ’L'Ei’}/w,gpj €ij — igi’)/uyng €ij, (21)
where (anti)symmetrization is always defined with unit strength (unlike in [3]). Gamma
matrices v*¥ with multiple indices denote antisymmetrized products of gamma matri-
ces in the usual fashion. We recall that €' and ¢’ are positive-chirality spinors whose
negative-chirality counterparts are denoted by ¢; and ;, respectively. Furthermore, E* =
%is“”p“&,Epg is the invariant field strength of the tensor field. The scalar field L;; satis-
fies a reality constraint, L'/ = ¢**¢J! L;;. Complex conjugation is effected by raising and
lowering of SU(2) indices, i, j,k,.... Throughout this paper we use Pauli-K&llén metric
conventions.



2.1 Composite reduced chiral supermultiplets

Supersymmetric Lagrangians with at most two space-time derivatives can be constructed
by making use of the observation that a tensor multiplet can couple linearly to a reduced
chiral multiplet. The latter supermultiplet comprises a complex scalar X, an antisymmetric
tensor F),,, a (negative-chirality) spinor doublet Q% and a triplet of auxiliary scalars Y.
Its supersymmetry transformations are as follows,

X =9,
0Q); = Q@X € + %61']' ’)/‘LWFH,, ¢ + le'j ¢ ,
oF, = %Ei@'yWQj e — %EZVMV@QJ €ij 5
0Y;; = 2€(i @Qj) + 25@'195]‘1 E(k @Ql) . (2.2)

Here F},, is the antiselfdual component of the tensor F),,, whose complex conjugate equals
F J; Because we are dealing with a reduced chiral multiplet, Y% satisfies a reality con-
straint, Y% = ¢*¢il ¥, and F,,, satisfies a Bianchi identity, a[Mpr] = 0. The latter can be
solved (at least locally) so that F},, acquires the form F},, = 9,W, — 0, W,. The resulting
vector supermultiplet can then be completed by specifying the transformation rule for W,

5WH = Eir)/,qu = + Ei’)/ﬂQj E€ij - (23)

As is well-known, there exists a non-abelian version of this multiplet which will, however,
not be needed in what follows.

The supersymmetric coupling of a tensor to a reduced chiral multiplet takes the form,
L=XGC+XG - %YijLij —i—(ﬁiQi-i-@iQi — %i&“VPUEMVFpO. (2.4)

This expression can be used to derive supersymmetric Lagrangians for tensor multiplets, as
was already demonstrated in [28, 3]. This derivation is based on the observation that one
can construct a reduced chiral multiplet from tensor multiplet components. When substi-
tuting the components of this composite multiplet into (2.4) one obtains a supersymmetric
Lagrangian for the tensor multiplet.

In order to construct n reduced chiral multiplets from n tensor multiplets, one must
introduce a (real) function 7 s(L) of the tensor multiplet scalars L%, where we label the n
tensor supermultiplets by upper indices I, J,... =1,2,...,n. The reduced chiral multiplet
to which each tensor multiplet couples is then assigned a lower index I. The construction
starts from the lowest component of the chiral multiplet, which is given by

Xr = Fry(L) G + Fry (L) @i 0% (2.5)
where OF; (L)
. 1,J

We note that F7 j ki; satisfies the same reality constraint as the fields Ll-jl. Hence its SU(2)
indices can be raised by complex conjugation, or alternatively, by contraction with epsilon



tensors. Such quantities define real SU(2) vectors and their products satisfy certain product
relations which reflect their decomposition in terms of irreducible SU(2) representations.
We present two of them, which are used throughout this paper. The products of two such
real vectors, L;; and Kj;, satisfy

K L7k +KJkLZk = (55 Ky, Lkl,

Kij Ly — Ky Lij = €3 €™ (K L + Kjm Ly) (2.7)

(i) (k1)
where the right-hand side of the second equation is symmetrized in (4,7) and (k,). These
identities can be used with Kj;; or L;; equal to Lijl or Fr jKij-

To ensure that we are dealing with a chiral multiplet the supersymmetry transforma-
tion of the composite field X has to be of the form (2.2). Up to terms cubic in the spinors
goij this imposes that the derivative Fr j i;; must be symmetric in (JK). The higher-order

spinor terms require a second condition, namely,

Frox "L (ee;7) ext =0, (2.8)
where we defined o2 ()
Fr.g(L

Fraxial) = g g rnr - (2.9)

When Fr j kij,Liei(L) is symmetric in (jk) the cubic spinor term (2.8) vanishes. It is there-
fore guaranteed that we are dealing with a chiral multiplet once the following constraints
are satisfied by the function F7 ;,

FruKij = Fr,K,7i5 » &% Fryxijom(L) = 0. (2.10)

As it turns out these constraints also suffice to ensure that we are dealing with a reduced
chiral multiplet.

The function F7 ; has no particular symmetry in I and J. From the constraints (2.10)
it follows that its derivatives with respect to the L¥¥ are independently symmetric under
the capital indices J, K, ... and under the SU(2) indices 4, j, k, [, .... This motivates us to
use an obvious notation Fr, ...z, 1j;-ja, fOr the p-th multiple derivative, which is symmetric
in both the p 4+ 1 indices {J} and in the 2 p indices {j}.

Henceforth we assume that the conditions (2.10) are satisfied. From the variation
of (2.5) we determine the composite spinor field ;; of the chiral multiplet,

Qir = —2F1 dpi” +2F1 yrci; G % — 2 Fp jkc™ (JLi” — e B )™
+2F k™ o (el el™). (2.11)
The supersymmetry variation of 2;; yields the expressions for Y;;; and F),, ;, while all

remaining variations correctly recombine into the derivative 0, X;. The explicit expressions

for the new fields read,

Y;‘j[ = -2 f[7j ({92[;2‘]‘] — 2f17JKij (GJ GK + EMJ E“K) s
— 2 F7 kM (0, Lan” OMLy™ + 264 0,L " B'F)



—2F ki o) GF = 2 F srpijn @K o GF
+ A(Fryrma @™ o™ + Frax™ 6T 9K cipeir)
AT g™ 0Ly’ (" ™)

-4 fI,JKLn(ikl Ej)k (" BT o)

kl — J K —-mL M
— 2F1 gk LMijmn @k @MY
F

w1 = —2F1 k™" 0y Lk’ 0y L™ M

—49, (TI,J Ey” + Froke @ vy~ 6’7) : (2.12)

The results can be compared to the corresponding ones given in [3]. In order that we are
dealing with a single reduced chiral superfield for given index I, it is important that F7 ; is a
real function. This enables the use of identities such as (2.7). These identities and (2.10) are
used throughout the calculation. The Bianchi identity holds for F,, 7, although the second
term proportional to d,L d,)L is somewhat subtle. By virtue of (2.10) the contribution of
this term, 0),F, ) < Fr JK Lijki€mn 3[MLUJ 9, LFmK 8p]Ll"L, vanishes so that F),, is closed.
However, F)},, is not exact in the sense that it cannot be written as the curl of a manifestly
SU(2) invariant quantity. We will exhibit this below.

Let us now discuss the constraints (2.10). To analyze their implications, we decompose
the field L¥! into a real field ! and a complex field v according to,

2h=1ligt, LM = (2.13)
so that LinLij S = %xlx‘] +2057). The constraints (2.10) then take the following form,!

OF1,  OFix OF1,  OFix
orkK 9zt kK vt
?Fr PFr
: > =0. 2.14
0xEoxLl ~ OuvE vl 0 ( )

The last equation, which simply follows from F7 sk ;") = 0, contains the SU(2) invariant

Laplacian,
2 2 2
1 EikEil 4 = 0 + 0 .
2 J 8[4]’[ 8Lkl‘] ox! oz 9wl 9p))

As a consequence of the first equation of (2.14), Fr j can be expressed as a derivative of a

(2.15)

new function F; which is, however, still constrained,

F _OF PF PF
LI = g Ozl ovK — 9xKout
0% F; O*Fr

OxJoxK ~ Ov’ vk

The last equation of (2.16) was determined by integrating the last equation of (2.14) which

=0. (2.16)

leaves a real function on the right-hand side that does not depend on x. However, dif-
ferentiation with respect to v* (or ©%) yields a function symmetric in (J, L) (or (K, L))

!Derivatives with respect to Li;’ are defined by % L' =1 (0% 5+ 6 67) 65, so that 6L;;'0/0L]; =
ij
sx19/0z" + sv'a/ov’ + 5010/00!.



which implies that the right-hand side can be written as the 92/0v/ 95" derivative of some
function of v and #. As F7 is defined up to an xz-independent function, the latter can be
absorbed into Fj.

With these results we can now exhibit that the expression for F,, ; given in (2.12)
takes indeed the form of a curl,

Fr.oi™ 0L’ 9Ly e =10, (W o0’ = 55
so that the Bianchi identity is manifestly satisfied.
Let us close with two examples which lead to Lagrangians (constructed according
to the procedure outlined in the next subsection) that are both dual to non-interacting
hypermultiplets. One concerns the simple example where F7 ; = 07 is L-independent.
This example trivially satisfies the constraints (2.10). One possible expression for F takes
the form,

f[:$I+C[JUJ+5[J17J, (2.18)

with ¢y; some complex constants. A second example is based on the conformal tensor
multiplet introduced in [3, 4], where Fy ; = 87 (L1)~! with LT = \/L;;1 L1 so that, for
1,J, K, L equal,

L’

Frikij(L) = ek Frikrijr(L) =

3Li" L' + (L")? eiweny;
(LT)> 7

(2.19)

which satisfies the constraints (2.10). A corresponding expression for F7 is given by
Fr=+v2In [wl—i— m1m1+4011’)[} —%\/iln [4@161}. (2.20)

2.2 Supersymmetric tensor multiplet actions

We now proceed to give the rigidly supersymmetric tensor multiplet Lagrangian obtained
by substituting the composite fields (2.5), (2.11) and (2.12) into the density formula (2.4).
Up to total derivatives the Lagrangian equals

L= Fry| = 30uLi" 0L + BB — (0 9o’ + o 9 + G G|
+ %iefle‘wm F[JKij E{W apLik‘J aoleK ekl
— Fryi" [@M @ij‘] o —G! @iJ%‘K]
— Frikij [@kl LI K — GI @iJSDjK}
+2F Y e oM B SDJ'K
+ Frrni™ ol o @5t (2.21)
where
F[J = 2f(I7J) + LinfK,IJij )

Frig = 3f(I,JK)ij + LM F ke =



0°Fyy
Frokri™ = AF 1 rn)i™ + L™ Farrrk pmns™ = SLIKAL L (2.22)

We note that the tensor gauge field always appears in form of the covariant field strength
EF . with the exception of the second line proportional to ¢#*#?. This term is nevertheless
invariant under tensor gauge transformations, up to a total derivative, owing to the Bianchi
identity satisfied by the L-dependent terms. In the basis (2.13), this term can be rewritten
in terms of the tensor field strength after partial integration, as we shall discuss shortly
(c.f. (2.28)).

The Lagrangian is encoded in the function Fy; and its derivatives. Making use of (2.16),

the functions F7j can be written as follows,

8?] 8fj K a2fK K a2fK _K a2fK

= 2L 927
=507 T oxl T B2lorT TV 0xlowd TV 9alond
_ 9 9.9
9 Fr+zx 907 + v 507 + v 557 (2.23)

This expression is symmetric in (I,.JJ). Thus the terms inside the bracket are equal to the
x’-derivative of another function. Therefore F; can be written as the second z-derivative
of some unknown function F'(z,v,v). Integrating (2.23) yields the first derivative of F

7 A A v A 957

(2.24)

up to an z-independent function which we set to zero. Next we evaluate 92F/0v! x 0z’
and establish its symmetry in (I, J) from (2.16). Furthermore we verify that

9 [ PF N 0’F
ox! Lox/0xK = OvlovK

=0, (2.25)

making use again of (2.16). By following the same argument as below (2.16), one then
establishes the existence of a function F subject to the equations,

O*F O*F O*F O*F
= y + — == 0 . (226)
orlov’ ozt ov! oxlox? ~ Ovlov’
The Lagrangian is thus encoded in functions F'(z,v,v), with
O*F
(2.27)

I =
T 0xloxT

and F'(z,v,0) subject to the conditions (2.26). This result is entirely consistent with the
results derived in [4, 5], where it was shown how to express the function F'(x,v,v) in terms
of a contour integral.

Using the above relations we derive, along the same lines as in (2.17), the relation,

0*F ., O*F

ij J K _kl :
Fryx" OpLin” Oy Lj™ € :18[M<W3”1” " Ol w7

ay]vJ> . (2.28)

This result is needed when dualizing the tensor fields to scalars. In that case the super-
symmetry is no longer realized off shell. One introduces a new set of fields, y, which act as



Lagrange multipliers to impose the Bianchi identity on the tensor field strength. Adding
the term yr OHE“I to the Lagrangian and integrating out the E*!  one obtains an action
for hypermultiplets. A natural set of complex variables then consists of the complex fields
v’ and w;. The latter are defined by [8]

1/, OF
wr =3 (1y1 + @) . (2.29)

In terms of these fields the kinetic term of the scalar fields reads,

O 8 (om0, - S it} (230)

B Iap-J 1J
L=—Frj0v o'’ —F ((%wl = ploK Ok Oz L

where F''7 is the inverse of F.
For completeness we present the functions F'(x,v, ) corresponding to the two exam-
ples (2.18) and (2.20), respectively,

F(z,v,0) = Z{(mI)Q—QUIT}I},
T
F(z,v,0) = \/izl:{xlln {CCI—{— (ac[)2—|—4vfz7]] —i—%(l —zl)In {41)[17[]
— (xf)2+4vf@f}. (2.31)

2.3 Superconformal actions and tensor and hyperkéihler cones

So far our analysis was completely general and we did not insist on any additional invariance
beyond N = 2 supersymmetry. However, a tensor supermultiplet can be assigned to a
representation of the full N = 2 superconformal algebra and the function F; ; can be
chosen such that the composite chiral supermultiplet constitutes also a superconformal
representation. By substituting the superconformally invariant composite chiral multiplets
into the density formula these symmetries carry over to the Lagrangian. The class of
superconformal actions is encoded by functions F7, ; that satisfy the additional restriction,

Fraia Y = =367 Fi 5. (2.32)

This condition, which will be derived in section 4, implies that F; ; is a homogeneous
function of the L¥! of degree —1 that is invariant under the SU(2) R-symmetry. It is easy
to see that the function Fr; that appears in the Lagrangian (2.21), is thus also homogeneous
of degree —1 and SU(2) invariant. Upon contraction with L j,,” one proves another useful
result,

Fraxij L LS = —F; ;L7 (2.33)

which is needed later on. The same result applies to F7 ;.

The constraint (2.32) implies that the function F; can be restricted to a homogeneous
function of zeroth degree, but, in general, it is only invariant under a U(1) subgroup of the
SU(2) R-symmetry. The superconformal constraints on the function F'(x,v,v), which is a

,10,



homogeneous function of degree +1, were extensively analyzed in [8]. For convenience, we
summarize the conditions on the function Fj;. In the general case we have the constraints,

Fryx" = Frye”,

FryxpUM=0. (2.34)
For conformally invariant Lagrangians there is the additional constraint,
Frywiu LK = —157 Fy;. (2.35)

When keeping one of the components in the triplet Ll-jj , ! say, fixed the remaining
complex components v! parameterize a Kihler space whose corresponding Kéhler potential
is equal to the function —F'(z,v,v). In the conformally invariant case a similar potential
exists for the target space parametrized by the Lijl , which is defined by the SU(2) invariant

expression,
Xtensor(L) =2 FIJ L”ILijJ ) (236)

and is a homogeneous function of degree +1. This potential is closely related to the so-
called hyperkahler potential that plays a similar role in the hypermultiplet case. To see
this we first note that its derivative with respect to L’ is equal to the homothetic vector,

8Xtensor (L)

=92 F; LV, 2.37
LT 17 (2.37)

This vector generates the scale transformations on Lijl with scaling weight equal to 2.
Furthermore we establish that the metric Frs is related to the second-order derivative of
the potential, according to

82 Xtensor (L)

Z Atensord ) 9 (L) €9 2.38
VoLator, T (239

€k
This implies that the 3n-dimensional target space parametrized by the Ll-jl is a cone over
a (3n — 1)-dimensional space. One can show that the potential Xtensor fully encodes the
superconformal theories of tensor supermultiplets. From it the function F(x,v,7) can be
determined by integration. In section 5 the role of Xtensor Will be clarified further.
To elucidate the above, let us formulate it in terms of the variables v, o' and z!.
Using (2.27) one establishes the following identity,
o OF (z,v,0)
ox!t 7

where we made use of the various identities for derivatives of the function F(z,v,v). The

Xtensor(L) = FIJ(xIxJ + 47}177]) = —F(’U, v, JJ) + (239)

right-hand side of (2.39) coincides with the expression for the hyperkéhler potential given
in [8] for the hyperkéhler cones that one obtains upon dualizing the tensor fields to scalars.
Here the x! are expressed in terms of the coordinates w; + w; given in (2.29). Obviously
the hyperkéahler potential xnyper(wr, Wy, v!,9") and the function F(x,v,7) are related by a
Legendre transform.

The formalism of this paper makes it straightforward to incorporate the coupling of
tensor supermultiplets to conformal supergravity. In [3] this was demonstrated for a single
tensor supermultiplet and in section 4 we will generalize this result to n tensor supermul-
tiplets. Before turning to this topic we first discuss a number of other features in the next

section.
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3. Off-shell c-map and higher-derivative actions

We have already stressed the importance of dealing with off-shell supermultiplets which
offer many technical advantages. In the first subsection 3.1 we will illustrate this once more
by introducing the c-map between off-shell tensor and vector supermultiplets, outside the
context of specific supersymmetric actions. The fact that the c-map can be defined in this
way is crucial for its application to higher-derivative actions, where the existence of an
off-shell formulation is almost imperative. Without off-shell multiplets higher-derivative
actions can only be constructed by an infinite series of iterations. Therefore we also briefly
consider the construction of higher-derivative couplings of tensor supermultiplets in a sec-
ond subsection 3.2. The coupling to supergravity will be the subject of later sections,
but we will already present the extra bosonic terms that are generated in the coupling to
supergravity.

3.1 The off-shell c-map

As is well known, four-dimensional vector- and hypermultiplet actions are related to each
other via the so-called c-map. Originally [21] this map was constructed by performing a
dimensional reduction of the four-dimensional action on a circle and dualizing the three-
dimensional vector field to a scalar. Because these operations do not affect supersymme-
try, the vector multiplets are converted into hypermultiplets, so that one will be dealing
with two hypermultiplet sectors. Interchanging the two sectors and lifting back to a four-
dimensional action (assuming that the initial hypermultiplet sector is itself in the image
of the c-map) yields the desired map between vector- and hypermultiplet sectors in four
dimensions.

A more natural way to define the c-map is by comparing a dimensionally reduced vector
supermultiplet to a dimensionally reduced tensor supermultiplet. Indeed it is immediately
clear that there exists a close relationship between the off-shell degrees of freedom. When
reducing on a circle in the 3-direction, the space-time coordinate vector x# decomposes into
a three-dimensional space-time vector z# (ft = 0,1,2) and a single coordinate x® which will
be shrunk to a point so that the fields become z3-independent. In this way the bosonic
fields of the tensor multiplet decompose according to,

{Lij,E“,G,G} — {Lij,E’l,Eg,G,G} : (3.1)

where E* is a divergence-free vector field. Likewise the bosonic fields of the (abelian)
vector multiplet decompose according to,

{X,X,F

W,YZ‘J‘} — {X,X',Fﬂg,Fﬂ,;,Yij} ~ {X,X,Wg,Fﬂ,Yij} . (3.2)

In the last step we made use of the Bianchi identity satisfied by F},,,, which implies that Fj;;
is equivalent to a divergence-free three-vector F/* = iie’m ﬁFgﬁ and that Fj;3 can be written
as the derivative of a scalar field W3. Hence the two multiplets are very similar. They both
comprise a single divergence-free vector, three physical scalars and three auxiliary scalars,

and they have the same number of fermionic degrees of freedom. Both divergence-free
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vectors can be expressed in terms of a vector potential which coincides (up to a gauge
transformation) with Ej;3 and W), respectively.

The relation between the two supermultiplets becomes even more striking upon real-
izing that the R-symmetry group, the relativistic automorphism group of the supersym-
metry algebra, which equals SU(2) x U(1) in four space-time dimensions, is extended to
SU(2) x SU(2) in three space-time dimensions. Since the action of the U(1) subgroup is
known on the four-dimensional fields, it is not difficult to deduce the representation content
of the fields in three dimensions. Obviously, the fermionic fields must transform according
to the (2,2) representation of SU(2) x SU(2), while the triplets Y;; and L;; transform ac-
cording to the (3,1) representation. Finally the triplets {X, X, W3} and {G, G, E3} must
transform according to the (1,3) representation. Obviously the two off-shell multiplets are
the same and only differ in their identification with the SU(2) factors of the R-symmetry

group.

The above conclusions are confirmed by an evaluation of the supersymmetry trans-
formation rules in the three-dimensional context, following [29]. First we define gamma
matrices 4% that are appropriate for the three-dimensional theory,

=7, (3.3)

where 4 = —iv34° is an hermitean matrix whose square is equal to the identity matrix. The
product 44142 is proportional to the identity matrix. The hermitean matrices 4, 43 and
7 commute with the 4 and constitute the generators of an su(2) algebra that is related
to the second SU(2) factor of the R-symmetry group in three dimensions. Obviously, iv?,
the U(1) R-symmetry generator of the four-dimensional theory is contained. The second
set of SU(2) transformations mixes spinors of different chirality. On the supersymmetry
parameters with (anti)chiral components €’ (¢;), the ‘hidden’ SU(2) transformations act
according to [29],

o' = —Liae + 1BV ¢, de; = o€ + 2Be;7° €, (3.4)

where « is a real parameter associated with the chiral U(1) R-symmetry in four dimensions
and [ is complex. It is straightforward to verify that the above transformations generate
a group SU(2) that commutes with the four-dimensional SU(2) R-symmetry group.

Now we present the three-dimensional supersymmetry transformations upon the re-
duction to three space-time dimensions, which readily follow from (2.1), (2.2) and (2.3),
and identify the R-symmetry transformations. The result for the tensor multiplet reads as

,13,



follows?
0Lij =21€a7 ¢y — 21em e ey’

03 =€ 473 @ eij — & 4uv® €7,

(Sgpl =1 éLU ’)/3 €j + i6ij Eﬂ’?ﬂ’y‘g €; + 6ijE3 ’Ysej -G Ei s (35)
SE? = —@x°Pp) eij — e P pj €7
6G = — 2 P’

where (f? = ’yﬂaﬂ. The correct R-symmetry transformations can now be identified by adopt-
ing SU(2) transformations for the fermion fields ¢, such that 6L;; and 0 E;3 remain invari-
ant under the combined transformations of the fermions and the supersymmetry parame-
ters. This leads to

0’ = giag’ — 3B o5, dp = —giag — 3hey’ @ (3.6)
The above transformations indeed generate the SU(2) group. It is then straightforward

to establish that under this particular R-symmetry subgroup, the fields G, G and E®
transform according to the vector representation,

0G =iaG — BE3, SEP =1i8G +1BG. (3.7)

Likewise, the dimensionally reduced supersymmetry transformations of the vector su-
permultiplet read,

06X = —ie 2y,
W3 =16 Qe — 1&gy,
W = &5, Q€9 + &4, W gy, (3.8)
5 =2 9X V¢ + idWs €ij € — i FP67 + Y€
8Yij =2ea0 Q) + 2 i efPQY
where [# = %i&?[‘f’ ﬁ@,;Wf,. The R-symmetry transformations of Q follow from the invariance
of 6Wj; and 0Y;; under the combined transformations on the spinors. This time we find
60 = ia Q' + 13943y, 00 = —Lia Q4+ 18P O (3.9)

which also correctly generates the SU(2) group associated with (3.4). It then follows that
the fields X, X and W3 transform under the R-symmetry group according to the vector
representation,

6X = —ia X +38W;, Ws3=-BX-3X. (3.10)

2Note that the Dirac conjugate of a spinor involves the matrix 4°. Therefore there is a relative factor
4 between the three- and four-dimensional Dirac conjugates, and correspondingly between the two charge
conjugation matrices. As a result the three-dimensional charge conjugation matrix C satisfies the following
identities,

Cyﬁ/ﬁ.éfl — 7,3//,2T7 C’Y3071 — 'YBT , C’s’/cil _ ;yT7 075071 — 775T7 CyT = _C.
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The above results enable the identification of the vector and tensor multiplet com-
ponents, up to an overall constant and an SU(2) transformation that identifies the U(1)
subgroup. To see this we write the spinor quantities for the tensor multiplet in a different
basis. Following [29] we first write the supersymmetry parameters in a basis where the
‘hidden’ SU(2) factor of the R-symmetry becomes manifest,

6+:%\/§73(61—162), 67:%\/5(61_162)7
er = $V27% (e +ie?) | - = 1V2 (a1 +ie) . (3.11)

To appreciate this choice of basis we note that the SU(2) transformations (3.4) read
bt = Si(ae™ +Be). (3.12)

Note that e* and ey are related through charge conjugation. Likewise we write the tensor
multiplet spinors as,

pt=—3v29¥ (' +i9%) . o= -5 V2 (g1 +ipa)
Y+ = —% V272 (o1 —ig2) Y- = _% V2 (901 _1902) ’ (3.13)

where the relevance of this basis follows from
Spt = %i(a ot + Bp). (3.14)

In this basis the supersymmetry transformations of the tensor multiplet can be compared
directly to those of the vector multiplet components, where we identify the spinor fields
(oT, ™) with the spinor fields (2!, Q?) of the vector multiplet. This establishes the c-map
for the bosonic degrees of freedom,

ngzi(X—‘rX), L11:W3—|—X—X, L22:W3—X+X’
Eps = W (3.15)

G=Yyn, G=Yn, E>=iypy.

3.2 On higher-derivative actions

The expressions for the composite chiral supermultiplet can also be used to construct
actions with higher-derivative couplings. For instance, we can start from the simple N = 2
supersymmetric Lagrangian for a single vector multiplet,

Lo |0,XPP+3F.2+ 3090 — 2Yy,1% (3.16)

and substitute the expressions for the composite components X, F,,, €); and Y;; in terms
of the tensor multiplet components. These are encoded in a function F(L) subject to the
constraint,

9?F(L)
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This constraint enables one to show that the action depends only on a single function
H(L) = [F(L)]? which is no longer subject to constraints. To demonstrate this we present
the bosonic terms,
£ =]~ §10°Lyj? +20,,E,) 0B + |9,GI?]
ij K Ap gy ) P 12527 2 927
+ [ (0, Lardy L) OB +2 (0, Li; By (“E")) — $ B0 Lij — |GI* 6Ly
— e (B 0uL) (0°LM) — § (9, Lix 0" L) 9 LM
— %Hm’kl [(auLik 8“le)|G|2 + %eik6j1(|G|2 + E2) — 25ik (E“aﬂle) (|G|2 + E2)
— 244 (0, Lip0" L™) E¥ 0, Ljy, — €ipeimE'EY (8, L™") (0 Ljn)
— i B (O LindL™) + 4 eit O Ljm O L7 Oy Lng 0 L™ |,
(3.18)

where
oK HKL — 877{ (3.19)

HY = , = .
aLi 7 8Ll' 7 oL kl

Let us make a few comments at this point. First of all, consider the linear combination
of the free tensor multiplet Lagrangians (2.21) and (3.18),

L= —3|0uLijl* + Ey B* — (&' Ppi + @i §¢') + |GI?
+ M [— HOPLij? + 20, E,) " BV + (9°¢° Poi + @i ') + 10,GI7 |, (3.20)

where M is a mass parameter. This action describes a free massless tensor multiplet and a
massive vector supermultiplet, as can be shown by analyzing the corresponding equations
of motion. The massive multiplet corresponds to negative metric states. All of this is in
accord with standard off-shell counting arguments.

Another comment concerns the R-symmetry. Lagrangians that are at most quadratic
in derivatives are always invariant under one of the factors of the R-symmetry group,
but not necessarily under both factors. For instance, the two-derivative action for vector
multiplets is always invariant under the SU(2) R-symmetry subgroup but not necessarily
under the U(1) factor. For the tensor multiplets the situation is precisely the reverse. In
this respect the Lagrangians that depend quartically on derivatives are different as they
can potentially break both factors of the R-symmetry group.

Although it is in principle possible to convert the tensor field to a scalar field by a
duality transformation, the fact that the Lagrangian (3.18) contains quartic terms in E*
and terms with derivatives of E*, makes it rather difficult to obtain explicit expressions.

Finally, in the following sections we will discuss the coupling of tensor supermultiplets
to supergravity. In that context it is rather straightforward to also couple Lagrangians
with higher derivatives to supergravity. As we do not intend to cover this topic in more
detail here, we only present the supergravity coupling to the Lagrangian (3.18), restricting
ourselves again to the purely bosonic terms. Such a coupling requires H(L) to be an SU(2)

,16,



invariant function that is homogeneous of degree —2. The result can then be written as
follows,

L=Li+ L2+ L3, (3.21)
where
ey =H(D){ = §Ly L (R + D)* + (B = LVDLyj) (4R + D) + |GI* (4R + 2D)
— DaBy(R™ (V) Lipe?® — L[T™e;; G + huc))

2

+ Y (Rap'j (V) Lixe® — L[Topei; G + hec])” — & [Tupei;G + h.c.]?

+ DuGP? — } (D*Lij) (DPLY) + 2Dy, By DB }

(3.22)
'Ly = — dHI(D){ L (DL D Ly) (SR + D)
+ (ByDoLij + $DoLig Dy Ljie™) (R™™ (V) Lipoe™
— rebmre, .G+ hel)) (3.23)

— D, LijD*|G[* — 2(DyLix Dy Lj1e* — E,DyLij)(DEP)
+ D°Li;(|G)* + 2E°) + D*L*(D, Ly D' Lj; + 2€z‘kE“DuLﬂ)} ;
e 1Ly = iHij’kl(L){sl-kaﬂ(DuLmnD“Lm”\G\Z — (G2 + E®)? + L(D,, Ly D L™)?)
— 2(Dy LixD* L)) E* + 4ei[E*D, L) (|G)* + E?)
— (DyLjmDy Line™ ) E*E”]

— Lepei (D" Ly DY L) — QeikE”Dﬂle(DuLmnD“Lm”)} .
(3.24)

Here R denotes the Ricci scalar associated with the gravitational field. The other super-
gravity fields will be introduced in the next section. Because this expression is based on
a chiral superspace density, one can also introduce elementary vector multiplets as well as
the Weyl multiplet couplings. The latter are accompanied by additional terms of higher
order in the Riemann tensor. Terms such as these may be important for determining the
subleading corrections to the black hole entropy [18].

4. Coupling to conformal supergravity

The tensor supermultiplet constitutes also a representation of the full N = 2 superconfor-
mal algebra [2]. In addition to the translations, Lorentz transformations, and R-symmetry
transformations, the fields are subject to dilatations. In principle, fields also transform un-
der conformal boosts, but matter multiplets are usually inert under those. On the fermionic
side, the conventional Q)-supersymmetry is extended with a second, special, supersymme-
try, called S-supersymmetry.
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Superconformal transformations can be defined in flat space, with space-time in-
dependent transformation parameters and transformation rules that explicitly depend
on the space-time coordinates. In a superconformal background, where the translations
are replaced by space-time diffeomorphisms, the transformation rules contain the various
(gauge and other) fields of the superconformal theory. In their presence the Q- and S-
supersymmetry transformations of the tensor supermultiplet fields take the following form,

6Lij =2 E(iSDj) + 2 EikEjl E(kgpl) ,
0ot =LY ¢; + 9 fle; — G + 2Ly,
0G = —26P¢" — &6 L7 x;j + 2 v Ty pr €M) + 210"
5EMV = iEZ’ylW(pJ €ij — 1€V pj ev + 2i L;; eIk EZ’Y[ﬂl/JV]k —2i LY €k E{yhﬂ/@]k .

(4.1)

Here €' and 1 denote the Q- and S-supersymmetry parameters, respectively. The deriva-
tives D,, are superconformally covariant and E* denotes the superconformally covariant
field strength of the tensor field . These quantities, which will be defined shortly, in-
volve the gauge fields of the superconformal algebra: the dilatational gauge field b,, the
U(1) and SU(2) R-symmetry gauge fields 4, and V,’;, the spin connection field wuab, the
gauge field f,* associated with special conformal boosts, and the - and S-supersymmetry
gauge fields 1/1,} and ¢,f. Not all of these gauge fields are independent and we refer to the
appendix for further details. Obviously, we also have the vierbein field e, and its inverse
which are used to convert world to tangent space indices and vice versa. Apart from the
gauge fields, the superconformal theory contains a complex, anti-selfdual tensor field T;,%,
a spinor field x* and a real scalar field D, of which only the first two appear in (4.1).

To exhibit some of the details we record the expressions for the superconformal deriva-
tives and the superconformal tensor field strength,

Dy Lij =Dy Lij — ¥ ) — €kt leff o,
Du@i ZDM — LY Puj — % <lDLij +e¥ E) Yuj + %G%Li’
DG =DuG — ¢ui0" + i D" + 3L ix; + £ i v Team pj e €,
EF =1Lie 1 grro [(%Epa — 4Pyl e + 2ituivpepie — 1 Lije? i, o | -

Here the derivatives D,, are covariant with respect to Lorentz transformations, dilatations

(4.2)

and R-symmetry transformations,
DyLij = (O — 2bu) Lij = V" Ly
Due' = (Ou — %wuab Yab — %iAu - %bu)@z + %Vuzj @,
D,G = (0, —1A, —3b,)G. (4.3)
The coupling between a tensor and a reduced chiral supermultiplet is still possible in

a superconformal background [3]. The reduced chiral multiplet constitutes also a super-
conformal multiplet and transforms under @)- and S-supersymmetry according to

0X = EiQZ’ ,
00, =2 ﬂX € + %e’fij’yMVFMV Ej + Y;‘j ej +2X n;, (4.4)
5Y}j =2 g(z‘ ﬂﬂj) + 2 EikEjl ek ﬂﬂl) .
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Here we have introduced a superconformal field strength F wv» defined by

FMV = Fuy - Tﬁ[ﬂi’Yu]Qj e — @[pifYV}Qj Eij
— X/(Z’ulif(byj e — XTIE“ZTJZ)VJ €ij — %X Tﬂ,,”sij — %X Tﬂm-js” s (45)
where F),, = 209),W,]. The supersymmetry variation of W, remains as given in (2.3). The

superconformal field strength should be identified with a component of the superconformal

reduced chiral multiplet, as can be seen from its variation under @)- and S-supersymmetry,
5Fa_b = %EilD%ij 6ij — %Ei’yabﬂ)gj €ij — ﬁmaij €ij . (4.6)

The superconformally invariant coupling between the two multiplets is an extension
of (2.4),

e UL=XG+XG-LiYTL;
— WY + X 'y ah7) Lij — (0" Qy + X iy ;) LY
+@' (% + X ) + 0i(Q + X 1’
—Lie e By Fpy (4.7)

Just as in the previous section, we can construct reduced chiral multiplets from tensor
multiplets. Again we start with the complex scalar X defined in (2.5), which transforms
into a chiral spinor €;,

X1 = FrgG + Fro7 @705,
Qir = —2F1 5 Do’ — Fr,y(6 Lij" 7 + 1T v eijer) + 2 Fr ki G %
—2F1 k" (DL — e Bl ™ + 2 Fr grni™ o1 (o 0F) . (4.8)

Here the function Fr j(L) should again satisfy the constraints (2.10). But in order that (4.8)
defines the beginning of a superconformal reduced chiral multiplet, the component X;
should, in addition, be invariant under S-supersymmetry. This is precisely ensured by the
condition (2.32), which implies that the function F; ; is SU(2) invariant and homogeneous
of degree —1, so that it has scaling weight —2. As it turns out, there are no further

restrictions and we simply record the corresponding expressions for Y;;; and Fj,, ; below,

Yisr = =2F1,y |[0°Liy” + 3DLiy”| = 2Fp iy (G GF + B, B4F),
— 2F1 k" (DyLiy” D*Ly™ + 2ey; D, Lyy,” E*K)
— 2 Fr ki o or? G — 2 F; jrrijm @M ¢ GF
+4(Fr gxme " Doy + Fr5™ om” PDE eye )
+ 4~7:I,JKLn(ikl DuLj)kJ (@NL’YWPIK)
— AT g™ ) <@nL 7’ <P1K>
— 2 F1 sk aijmn”™ @17 @ @M
+ 12 Fr s Lin” ("X + e @S xn)
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+ 3 F1, 5k (Eym Gy T ey 4 £™F @mJWabTabj)nSDZK ey, (4.9)
F,ul/[ = -2 ]:I,JKmn a[uLka ay}Lan 5kl
—49 <~7:I,J Ey}‘] + F1 UKk @M’Yu] 0% €ij>

+29, (-7:1,J Vi'i L’ €% + Fryhy' @7 e + Fra i ;7 6”) (410
where O°L;; = D*D,L;;. An explicit evaluation leads to the following expression,

Do D* Lij" = Do D*Liz" +2 f,* Lij'
- <1/5"(i Dy pjy’ +ein ezt Dwﬂm)
_ 1_16 (@(jl TCdl-)k Yed Y Ibﬁ + ik €j1 (,5(” k)med Yed Y wum) (4.11)

(1%(2‘ Ly v X = 5 " Li" xg) + 0" 9" xn L )

+ % <<5ﬂ(z' ol (Pj)l + ik €1 Py (k ytt @l)l) .

N[OV

Obviously the equations (4.8), (4.9) and (4.10) are extensions of the expressions (2.5),
(2.11) and (2.12). For a single tensor supermultiplet the results can be compared to [3].
We also note that it is possible to recast the superconformal extension For of (4.10) in a
form where its supercovariance is more manifest,

Far= —4Dy (fI,J Eiﬁ) — 2F gKij Dpo L'* Dy L e + Fr.y Ray'j(V) Ly €7
— 100 R (Q) eij — 2 Tup" &4 <-7:I,J G' + Frixu @’ SDIK)
— Fr.0 % Rap; (Q) eV — 2 Topij ¥ (fI,J G+ Frax* en’! <P1K>

- Dy (4 Fr,aii5 2" o’ €jk) :

(4.12)

However, to derive the Lagrangian it is much more convenient to work with the expression

(4.10).

We now proceed and substitute the above expressions into the supercovariant density
formula (4.7). In principle this is straightforward. In doing this we make use of the
condition (2.32) and in order to express the Lagrangian in terms of a single function, we
also use (2.33). Dropping a total derivative term, we then establish that the Lagrangian
depends only on the function F7; that we encountered earlier in (2.23). The complete
result can then be presented as follows,

Liotal = €L1 +eLo+eLs+ely, (4.13)
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where
Ly =Fpy Ly’ L {% [R + (e 1" PP, Dpthoi — Lh1b T TH 15 + h-C-)]
+ D+ S +he) b
Lo :FU{ _ l D Lijl prLiET 4 EHI Brl _ il YP%J — 5! YP@“ IelleZ)
— (A st cijer — ELis" @) T 4 b
— [L G747 Dy + 26 x) + e
+ 4 [0s [(P + D)LY — 9B + B ;7 + hc]
+e E“VP"wyzfyp Yok Lij D, LikJ _ prl Vi L ‘Lik‘lsjk
+ e e PTapy iy, ok L €7F [E T = Ly ™ e — i%mmksﬁn‘]em”]
+1 (6715“””0%@% Yok Lij’ Ejk) (6716,1”%,\7”% Y¢ Ly’ €"p> } :
L3 =3ie ' Fryx” B’ 0pLi” 95 Ly" M
+{ Py (G @7 G5 + @ (DL + TH )
T o™ — i @’”v“sokK> + h-C-} :
Ly =Fryrrii™ ¢ o’ o %o
(4.14)

Setting the fields of the Weyl multiplet to zero, one recovers the tensor multiplet Lagrangian
(2.21). For a single tensor supermultiplet the above expression may be compared to the

result derived in [3].

5. Poincaré supergravity with tensor multiplets

Superconformal matter multiplets coupled to conformal supergravity are gauge equiva-
lent to matter-coupled Poincaré supergravity provided that enough potential compensat-
ing multiplets are present. One compensating vector multiplet is needed to provide the
graviphoton of N = 2 Poincaré supergravity. For the minimal off-shell versions one may
choose a so-called non-linear multiplet, a hypermultiplet or a tensor multiplet. In the
Poincaré context, the conformal symmetries (i.e., scale transformations, special conformal
boosts and S-supersymmetry) are no longer present. The R-symmetries are usually absent
as well. An exception is the case where a single tensor multiplet acts as a compensator,
because the triplet field L¥ has a U(1) stability subgroup which reflects itself as a local in-
variance group of the corresponding Poincaré supergravity Lagrangian [3]. The presence of
other multiplets can nevertheless affect this local invariance, as we shall see in due course.

In the first subsection we focus on some characteristic features of the Poincaré su-
pergravity Lagrangians with tensor multiplets. As already explained in section 1, it is
important to stress our treatment is based on off-shell multiplets, as it is always possible to

dualize tensor multiplets into hypermultiplets and, in the presence of suitable isometries,
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vice versa. This conversion affects, however, the off-shell structure of the theory. In a sec-
ond subsection 5.2 we explain the structure of the tensor multiplet target space. In a third
subsection 5.3 we work out the example of two tensor multiplets which, upon dualization,
leads to the classification of 4-dimensional quaternion-Ké&hler manifolds with two abelian
isometries. These manifolds include the so-called universal hypermultiplet which emerges
in Calabi-Yau compactifications of string theory.

5.1 The general case

In this subsection we discuss the coupling of tensor, vector and hypermultiplets to super-
gravity. We first present the Lagrangians in their superconformally invariant form and
exhibit a number of characteristic features that are relevant in the context of the super-
Poincaré formulation. The coupling to tensor multiplets is based on this paper. For the
hypermultiplets we follow the treatment of [7] and for the vector multiplets we base our-
selves on [30, 31] and related references. In all three cases n will denote the number of
independent multiplets. Of course, these numbers do not have to be equal, but we refrain
from introducing extra notation to make a distinction. As it turns out the couplings for
each of the three types of multiplets can be defined in terms of certain homogeneous po-
tentials, which we denote by Xtensor(L), Xhyper(®) and Xvector (X X ), respectively. Under
the scale transformations of the superconformal group, these potentials scale with weight
2 and they are invariant under the R-symmetry group. As a result of the scale invariance,
the target spaces parametrized by the scalar fields of each of the three supermultiplets are
cones. For hypermultiplets the target space is a hyperkahler cone, which is a cone over a
(4n — 1)-dimensional 3-Sasakian space. The latter is an Sp(1) fibration over a (4n — 4)-
dimensional quaternion-Kahler space. The target space of the vector multiplets is a cone
over the product of an (2n—1)-dimensional special Kiihler space times S!. The target space
of the tensor multiplet is the cone over a (3n — 1)-dimensional space whose geometrical
properties have not been extensively studied so far.

In the case of tensor and vector multiplets, supersymmetry relates the gauge fields
(i.e., the tensor and vector fields) to a special basis for the scalar fields given by Lijl
and X, respectively. The potentials can therefore be generally defined in terms of these
fields. Eventually L;; and X A may be parametrized in terms of other fields, in which case
they will play the role of sections. The case of hypermultiplets is different in this respect,
because these multiplets do not contain any gauge fields and have thus no preferred basis
for the scalars. Moreover hypermultiplets do not constitute off-shell supermultiplets, unlike
the tensor and vector supermultiplets. For superconformal hypermultiplets there exists the
so-called hyperkéhler potential xnyper(¢) [7], where the fields #»* denote the 4n scalar fields
corresponding to n hypermultiplets, but there is no a priori definition of the hyperkahler
potential. The fact that we are dealing with hyperkahler cones implies that the derivative
of Xhyper(¢) is directly related to a homothetic vector denoted by kA,

Xhyper (9)

oy 9as(0) k(). (5.1)
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Here k = k4 0/0¢* generates the scale transformations on the target space of the hyper-
multiplet scalars and gap(¢) denotes the metric on the hyperkdhler cone. We are dealing
with an exact homothety, implying that

DAkB = 5AB g DADBthper = JAB, thper(¢) = %QAB kAkB . (52)

The covariant derivative contains the Levi-Civita connection associated with the metric
gap. The formulation of the action and transformation rules for hypermultiplets is not
determined exclusively in terms of the hyperkahler potential, and we note the existence of
local sections A;%*(¢) of an Sp(n) x Sp(1) bundle [32] which appear naturally in the full
Lagrangian and transformation rules (here n denotes the number of hypermultiplets and
a=1,...,2n). Here Sp(1) coincides with the SU(2) factor of the R-symmetry group and
the Sp(n) group acts on the negative-chirality spinors (¢ through the indices «. Indices
referring to the conjugate Sp(n) representation will be denoted by & and they label the
positive-chirality spinors (®. Under S-supersymmetry the fermions transform into the
sections A;* mentioned above.

For the three types of supermultiplets, the potentials are defined by
Xtensor(L) =2Fy; LijI LijJ’
Xnyper (L) = 567 0ag AAP
Xveotor (X, X) = i (XAFy — XAF)) = Npy XAX>, (5.3)

Here F) is the derivative of a holomorphic homogeneous function F'(X) of second degree
of the fields X* and Nyy is defined by

N — aQXvector (X, X)
A OXA9X®

= 2Im[Fys], (5.4)

where Fiy, denotes the second derivative of F/(X). Furthermore the symplectic tensor Q,g,
which exists for any hyperkéahler space, can be defined as follows,

Qap = 3€ij 9AB Y s, (5.5)

where 44%, denotes a generalized vielbein that converts hyperkéhler target-space indices
into Sp(n) x Sp(1) indices. This quantity appears in the supersymmetry transformations
of the hypermultiplet scalars,

3¢ =2 (746 ECO + 4N, &CY). (5.6)

The presentation above shows that the combined target space is a product of three
cones, each with its own potential. The potentials satisfy properties that are very similar
to (5.1) and (5.2), except that there is no need to use covariant derivatives as in (5.2). For
tensor multiplets the corresponding equations are given by (2.37), (2.38) and (2.39). The
homogeneity of the potentials follows from

I aXtensor (L)

Lkz 8ijf — %5]2 Xtensor (L) )
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8thper (¢)

kA(¢) aqu = 2thper(¢) )
OXvector X7X — » OXvector X,X _
XA % = XA % = Xvector(X, X) . (57)

For the tensor and vector multiplet potentials the above equations also imply the invariance
under R-symmetry. For the hyperkahler potential the equations for R-symmetry involve
the relevant Killing vectors, or the complex structures of the hyperkéahler cone.

Let us now exhibit some characteristic terms of the three Lagrangians, and compare
them (eventually we also consider the sum of the three Lagrangians),

e_lﬁtensor = %Xtensor |:R + (6_1€Mypalzui’)/V’Dp¢m~ — %’[Z}M’iwyj TMVZ.]. + hC)]
+ %Xtensor |:D + %(ﬁﬂi’}/ﬂxi + hC) ,
— iF; D, L’ DL’
M 25l wvp o 3 Glyd L il ik L
“\Torul 377 p) + @0 X — 5 vk +h.ec. ),
eilﬁhYPer - %thper |:R + (eilg‘uupo&ui’)@ppwai - i&uiwyj T‘uuij + hC)]
+ %thper [D + %(@Mi’y“xi + hC)] s
— 3945 Do’ D'$P

— e (a3 D + O = § oy T e )

6_1£V€Ct0r = %Xvector |:R + (e_lguypalzui')/yppwai + %T/;Miwyj T“Vij + hc)}

— Xvector |:D + %(TEMZ"}/MXZ‘ + hC) s

— Nax D, XA DrX*

— <8>(;;Cf\or [%QiAfy"”Duwyi — QM+ %Q/"yﬂzpw T“”ij] + h.c.) . (5.8)

The equations (5.8) exhibit a rather uniform structure for the various couplings. Es-
pecially the couplings of tensor multiplets and hypermultiplets are closely related, which
is not surprising in view of the fact that the tensor multiplets can be dualized to hyper-
multiplets. The fact that the potentials for the tensor multiplet cones and the hyperkéahler
cones are identical, a result derived at the end of subsection 2.3, makes the agreement even
more close.

With the vector multiplet there are subtle differences reflected in the relative coeffi-
cients. It is well known that these differences are crucial for converting to the Poincaré
formulation. The above Lagrangians still contain gauge degrees of freedom associated with
certain superconformal symmetries. The symmetry under conformal boosts is manifest.
Because only the dilatational gauge field b, transforms under this symmetry, it follows
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that the Lagrangians are independent of b,, as can be verified by explicit computation.
The dilatational symmetry is still intact and we can impose a corresponding gauge con-
dition. The obvious condition is to set the coefficient of the Ricci scalar in the combined
Lagrangian to a constant, i.e.,

1

%Xtensor + %thper + %Xvector = T9.20 (5.9)

so that we end up with a conventional Einstein-Hilbert term. Observe that, in order to
describe scalar fields with kinetic terms of the correct sign, it follows that the cone metrics
can not be positive definite. Under @Q-supersymmetry the condition (5.9) is not invariant,
and it is convenient to exploit S-supersymmetry to set its variation to zero by a second
gauge choice. This motivates the condition,

aXtensor ir 8thper A A aXvector A
W(p] +2w7 ZaCa+WQZ =0. (510)

Concentrating on the second and fourth lines of the three Lagrangians (5.8) we see that the
fields D and x’ act as Lagrange multipliers, which leads, when combined with the above

gauge choices, to the following results,

Xtensor + Xhyper = -2 H72 ;
Xvector = _5_2,
OXtensor I 0 Xhyper A a
Ll 90] + aqu v z‘&Ca:O,
Xy
Pvector 9,0 = 0. (5.11)

Because we used the field equations corresponding to one bosonic and eight fermionic fields,
supersymmetry is no longer realized off shell. As a result of the above procedure the sum
of the Lagrangians (5.8) reduces to

1 1
_ - p_
2 K2 2 K2

—iFy DL DL — Lgap Do DFOP — Nas DX DHX™ . (5.12)

1 1 _ 1= i
e Lceombined = |:e EuypowMZVVDP¢0i - ﬂ/’u%u] T'Lwij + h.c.

In this formulation the scalar fields are constrained by the first two equations of (5.11) and
corresponding restrictions exist on the fermions. The full action is now invariant under
general coordinate transformations, local Lorentz transformations, local supersymmetry
(defined as a field-dependent linear combination of Q- and S-supersymmetry) and local
R-symmetry. Clearly the hypermultiplet and tensor multiplet fields are entangled whereas
the vector multiplet fields remain separate, a feature that has been known for some time.

5.2 The tensor multiplet target space

We now specialize to the tensor scalars Ll-jj and analyze their corresponding target space.
It is convenient to change notation at this point and rescale the fields Lijl by the inverse
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of Xtensor SO that the Ll-jl are scale invariant (we refrain from imposing a gauge condition).
The rescaled fields are then constrained to a hypersurface,

2 Fry(L) L' LV =1. (5.13)
Furthermore we use a vector notation for the fields Lijl , according to
L' = =L (8)Fien, (5.14)

where & = (01, 09, 03) are the Pauli matrices (with 010903 = 1) so that LijILijJ =217
With these definitions we find,

(auXtensor)

2
%F[J(L) ,DMLZ']‘IDMLZ']‘I = 4X + Xtensor FIJ(L) ,DMLI ' DMLJ ) (515)
tensor

which shows that we are indeed dealing with a cone over a (3n — 1)-dimensional space
parametrized by the constrained coordinates L.

Let us now write the bosonic terms of the Lagrangian (4.14) in terms of the rescaled
variables,

e ! Liensor = Xtensor {%R + %D - %(au In Xtensor)z}
— Xtensor Fr (L) (O,LF =V, x L) - (9" L7 = V* x L”)
+ Xiesor F1 (D) | B B+ G1G |
+2Fp (L) B* L7 V. — Lie~lemvro Frx(L)- (8PEI X Oy L”) E.5, (5.16)

where FIJK = 8F[J/3EK and
Vi'i =, (@) (5.17)

To eliminate the auxiliary SU(2) gauge fields 1_}“, the matrix that multiplies the terms
quadratic in these fields is relevant,

M| = Fy; L' L7 6" — L™ Fr; L7® (5.18)

where r,s = 1, 2,3 denote vector indices. It is clear that this matrix has zero eigenvalues
whenever all vectors L’ are aligned, which is related to the fact that these configurations
leave a subgroup of SU(2) invariant. This is especially relevant for the case of a single
tensor multiplet, which always leaves a subgroup invariant, so that the approach sketched
below is not applicable. For several tensor multiplets generic configurations correspond to
matrices M with non-vanishing determinant. In that case the equations of motion for 1_}“
lead to

—

V=ML x 9,L7 + Xiohaor ELL L7) Fiy (5.19)
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where the inverse M~! equals®

_ 1 o= 27 = Sr
M = et (™) P Fgp (LY x L) - (L7 x L*) 6,5 + L) Fre (L - LF)Fyy LSJ] .
(5.20)
The determinant of M is given by
det(M) = L(FrsL" - L7)® — LFy (L7 - LF) Fye (EF - LMY Eyn (EY - L7). (5.21)

The Lagrangian (5.16) is invariant under tensor gauge transformations, up to a surface
term. The latter originates exclusively from the last term in (5.16). To establish this one
needs to use the condition

9.9
oLT oL’
which follows from (2.38), and which was extensively discussed in section 2. Under lo-

Frp =0, (5.22)

cal SU(2) transformations the Lagrangian is also invariant up to a surface term. These
transformations can be written as

SL'=AxIL',  V=9A+AxV, (5.23)

where K(a:) represents the infinitesimal space-time dependent parameters of SU(2), and
the variation of the Lagrangian (resulting from the last two terms in (5.16)) reads,

O Liensor = O — i Fry L' - 0,K B, ). (5.24)
Substituting (5.19) in the Lagrangian (5.16) then leads to the following Lagrangian
e Liensor = Xtensor {%R + %D - %(au In Xtensor)z}
~Xiensor |90 QL L + G e (LT 0,L7) (EX - 9, L%
b [ 4 116
+ B HB) LT (B % 0,L8) Frey,
— Lie71etP? By e - (0,01 x 9,L7) B, K, (5.25)
where

Hﬁ) = Frj+ Fr LS (MY LY Fry,
@ _ 1

= |\(Fpp L5 - L82 — Fpe LY DM pyNIN - LK F
17 = Get(M) (Frr ) KL MN | Fry

+2F e L5 LEFp IM - LN Fyyg |

3Direct verification of this result makes use of the identity for general 3 x 3 matrices O,

O® — t1(0) 0% + L[(tr(0))? — tr(0*)] O = det(0) 1.
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(FKLI_:K . I_:L)2 + FKLEL . EMFMNEN . I_:K

gg]) = Iy - 2 det (M) FipLP . EQFQJ
* det(M) Fi DX - DPFpp LM - LN FypLP - EQFQJ,
1 =g g - -
gfl),KL = det(M) FruLM - LN Fng FypLP - LQFQL
n (FpLX - L2 + Fr LY - LM Fy NN - LK .
2 det(M) IL £JK
1 g = = -
~ dei™) Fry LM INFypLt . LQFQL Fixk+ (I < K;J < L)|.(5.26)

The elimination of the SU(2) gauge fields does not affect the invariance under local SU(2).
This means that the target space involves only 3(n—1) scalar fields, subject to the constraint

(5.13), which in the present notation reads,
FryLt- 17 =1, (5.27)

In principle one can now construct the most general variety of these spaces, start-
ing from the (homogeneous) potential Ytensor Written in terms of SU(2) invariant variables.
Subsequently one imposes the conditions (2.37) and (2.38), which yield a number of second-
order differential equations. Every solution of these equations yields a corresponding La-
grangian. Finally one imposes the constraint (5.27). At this point one has the option
to convert the tensor fields EH,,I to scalars and obtain a quaternion-Ké&hler manifold of
dimensions 4(n — 1) with n abelian isometries. We already mentioned that the case n =1
is special, and also the cases n = 2 and 3 are rather specific. The n > 3 cases can be
dealt with in a more generic way. In the next subsection we demonstrate this procedure
for the case of n = 2 tensor multiplets. In this way we will rather conveniently obtain the
classification of 4-dimensional quaternion-Kéhler spaces with two commuting isometries
presented in [9]. We intend to return to an analysis of the higher-n cases in the future.

5.3 The case of two tensor supermultiplets

To illustrate the procedure sketched in the previous subsection we start by considering the
most general potential Ytensor for two tensor multiplets, L' and L2. This potential must be
invariant under SU(2) rotations and homogeneous of first degree under a uniform rescaling
of the L;;1. In order to incorporate these constraints it is convenient to introduce the SU(2)
invariant variables,

o (El_il)(EQ.EQ)_(El_EQ)Q _El.EQ

71 1 _
s=L"-L", u = = , vE (5.28)

Note that s,u > 0 and that u vanishes whenever the two vectors L' and L? are aligned.
For u = 0 we thus expect singularities as this value corresponds to field configurations that
are invariant under a subgroup of SU(2). When expressed in terms of the above variables,
the most general potential must be of the form

Xtensor = \/%f(u, 'U) . (529)
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Substituting this ansatz into (2.37) determines the entries of the matrix Fr; to be

1 (%f_va_ufu+v2fu %fv_vfu>

Fri= ——
Y \/% %fv_vfu fu

(5.30)

We also need the 2 x 2 matrix

vu—{—vQ

o 1 v
L' L =s : (5.31)

Imposing the constraint (2.38) leads to the following partial differential equation for f(u,v),
Joo +4u fuy = 0. (5.32)

Thus the most general Lagrangian for two tensor multiplets coupled to supergravity is based
on the potential (5.29) with the function f(u,v) subject to (5.32). In passing, we note the
perturbatively corrected hypermultiplet [33, 34] corresponds to the following expression for
the underlying tensor multiplet potential,

Xtensor — —2 \/g(u + 2C) s (533)

which indeed satisfies the differential equation (5.32). Here the constant ¢ is determined
by the one-loop string correction to the universal hypermultiplet.

For a small number of tensor multiplets the various terms in the bosonic Lagrangian
are most conveniently obtained from (5.16). Since we already established the invariance
under local SU(2) we can consider a special gauge. In principle the SO(3) vector space
can be decomposed into the two-dimensional space spanned by the vectors LT and a one-
dimensional subspace orthogonal to it. By adopting a gauge condition one can ensure
that the derivatives 3uEI take their values in the subspace spanned by the LT. With this
condition one derives that L7 - (EJ x LK ) = 0, and this suffices to show that the last term
of (5.16) vanishes. Likewise, upon substituting the expression (5.19) for the SU(2) gauge
field, all terms linear in E*! vanish as well for the same reason. Note that the above
considerations pertain specifically to the case n = 2.

Now let us be more explicit about the gauge choice. By an appropriate rotation we
can bring the LT in the form

L' = (/s,0,0), L? = (v/5,/5u,0), (5.34)

so that their inner products satisfy (5.31). Because the SU(2) is local we can ensure
that this decomposition holds for all space-time points, so that the 8ul7 can be obtained
consistently from (5.34). It is now easy to evaluate the matrix M defined in (5.18), which
has a block-diagonal decomposition,

S Q2><2 0
M = \ﬁ , (5.35)
s\ o g
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with the 2 x 2 matrix @ defined by

2ufu _\/afv
Q= . (5.36)

_\/ﬂfv f - 2ufu

The fields 1_}“ can now be evaluated explicitly and substituted into the Lagrangian. This
leads to the following kinetic terms for the scalar fields s, u and v,

_ € X'tensor i 2 1 m ﬁ 2 2
Escalars = \/% |:8S (8“8) + 28;,,58 f + m <(8ﬂu) + 4u(8“v) > (5 37)
s .
- @(fv Opu — ufy (9“2})2] .
Taking into account the fact that the three fields s,u,v are constrained by (5.27), which
implies
1
= 5.38
one directly establishes
eilﬁnZQ = Xtensor [%R + %D - %(au In Xtensor)Q]
Xtensor det(Q) 2 2
O [(aﬂu) + du (9,0) ] (5.39)
 Xiehor [HY) Bl B2 + Fry G167
where F det(0)
€ _
HYY) = s Ne N1 (5.40)

N= (ﬁ _U> . (5.41)

It is straightforward to perform a duality transformation by introducing Lagrange
multipliers ¢; to impose the Bianchi identity on the field strengths E#! and by subsequently
integrating out the field strengths. The resulting line element is then equal to (we suppress
the overall factor Xtensor)s

B det(Q)

ds? = e [0+ udv?] + (M) dgrdg,, (5.42)

where [H(M]1/ is the inverse of (5.40). Upon a change of coordinates this line element

coincides precisely with the expression derived by Calderbank and Pedersen for the general
class of selfdual Einstein metrics with two commuting Killing fields [9]. In this work the
matrices () and N are related but not quite identical to the matrices used above. Hence,
the formalism discussed in this paper enables a straightforward and elegant derivation of
this classification.
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A. Superconformal calculus

Throughout this paper we use Pauli-Kallén conventions and follow the notation used e.g.
in [35]. Space-time indices are denoted by u,v,... and Lorentz indices by a,b,.... Fur-
thermore SU(2)-indices are denoted by i,7,... and the corresponding SO(3)-indices by
r,s,.... All (anti-)symmetrizations are with unit strength. Majorana spinors are defined
by @ = ¢! C, where the four-dimensional charge conjugation matrix C' satisfies

—yp =CyC™, y=CyxC', CT=-C. (A.1)

The superconformal algebra consists of general coordinate, local Lorentz, dilatation,
special conformal, chiral U(1) and SU(2), and Q- and S-supersymmetry transformations.
Under Q-supersymmetry, S-supersymmetry and conformal transformations the indepen-
dent fields of the Weyl multiplet transform as follows:

Sep® = & iy + & 7Y,
5t = 2Dpe — LTop Iy e, — '
db, = %Ei(bm — %Ei'yuxi — %ﬁiwm +h.c. + Akeua,
0A, = %ﬁ%m + %igiw Xi + %iﬁ%m +h.c.,
5Vuij = 2€j¢ui — 367, X'+ 21, ¢ui — (h.c. ; traceless),
0T = 8e Ry’ (Q),
5 = — 7™ DT ¢ + ARDV)u 76 — §iRy (A"l 4 D+ Loy T
5D =& Dx; + & DX
(A.2)
Here A% is the transformation parameter for conformal transformations. The full super-
conformally covariant derivative is denoted by D,, while D, denotes a covariant derivative
with respect to Lorentz, dilatation, chiral U(1), and SU(2) transformations, e.g., (also see

egs. (4.2) and (4.3))

Dﬂei - <aﬂ - %wual Yed + %bu - %iA“> € + % Vuij e (A.3)
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‘ H Weyl multiplet H parameters

field || e,® o by Ay Vui ;T X' D wzb ful qu ¢ n'
1 3 1 1 1
V5 + + - + —

Table 1: Weyl and chiral weights (w and ¢, respectively) and fermion chirality (vs) of the Weyl multiplet
component fields and the supersymmetry transformation parameters.

‘ H Tensor multiplet ‘

field E, LY ©i G Fry
w 0 2 o 3 -2
1
c 0 0 —3 1 0
5 -

Table 2: Weyl and chiral weights (w and ¢, respectively)
and fermion chirality () of the tensor multiplet component

fields.
‘ H Vector multiplet
field X Q, W, Y,
v ! 2 0 2
1
¢ —1 —3 0 0
5 +

Table 3: Weyl and chiral weights (w and ¢, respectively)

and fermion chirality (7s) of the vector multiplet component
fields.

The supercovariant curvature tensors® used here as well as in the main part of the
paper are defined as

R, (P) =20, ,,]“ +2by,e," Qw[ ey — %(@[Hiyaiby]i +h.c.),
R (Q) =2Dytby’ — Vb’ — £ T vap vt »
R (A) =204, - '(%%i%]i S’ vxi — hee.)
Ru'i(V) =20,V + Vi 'e V"5 + 2(1% ¢u — i b)) = 3 X — Yy X

- ] (¢[u gbu}k: - ¢ [uk ¢1/] ) 29 (T/J[Mk% Xk — &[ukwu]xk)
R ™(M) =2 a[qu]ab - 2‘”[# } - 4f[u[a V]b} (¢ [n Ty $y)i +hoc.)
+ ( 1/} ,LLZ Tab ¢u - % (1 ’Yl/} 7 XZ 1/1[# v Rabi(Q) + hC) )
RP«V(D) = Qa[ubu] - Qf[ €vla — %¢ ¢V]Z Z¢[u T Xi — %T/J[W‘ébu]z + %¢[m%}X2 .
(A4)

4We corrected a typo in [35] in the definition of R, (D).
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The remaining curvature tensors, R,,*(S) and R,,*(K), are not needed here, but may be

found in [35]. There are three conventional constraints,

R,,(P) =0,
s (R,uu(Q)i + %’V,uuxi) =0, (A.5)
ey Ry (M)o” — iRpua(A) + $TopisT,"7 — 3D ey = 0,

which determine the fields wﬂ“b, gbﬂi and f,*. We only used the expressions,

B’ =3 (" = 3r™) (Do’ — Ty ypthos + 3150’ (A.6)
fut = R =D — (137 "7, 1 Dptboi — 150’ T ij — 10"y xi + hc.)

When combining the conventional constraints with the various Bianchi identities one es-

tablishes that the curvatures are not all independent. For instance we note the relation,
Ry (D) — iR, (A) = 0. (A7)

For convenience, the Weyl and chiral weights together with the chirality of the spinors
belonging to the Weyl, tensor and vector multiplet, are summarized in the tables 1, 2 and 3,
respectively.
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